The structure of the Dirac Hamiltonian in 3+1 dimensions is shown to emerge in a semi-classical approximation from a abstract spectral triple construction. The spectral triple is constructed over an algebra of holonomy loops, corresponding to a configuration space of connections, and encodes information of the kinematics of General Relativity. The emergence of the Dirac Hamiltonian follows from the observation that the algebra of loops comes with a dependency on a choice of base-point. The elimination of this dependency entails spinor fields and, in the semi-classical approximation, the structure of the Dirac Hamiltonian. 
Introduction
In two recent publications [1, 2] certain semi-classical states in an infinite dimensional geometrical construction over a configuration space related to General Relativity were shown to render the Dirac Hamiltonian in 3+1 dimensions. The construction is a semi-finite spectral triple [3, 4, 5] , which encodes the kinematical part of canonical quantum gravity [2] , and the configuration space is a space of connections, related to gravity through Ashtekars approach [6] . In both papers [1, 2] the semi-classical states were laboriously engineered to match exactly the Dirac Hamiltonian in the classical limit. Thus, an immediate question arises whether these states point towards some natural structure, or whether they are mere "lucky hits".
In this paper we show that the structure, which in [1, 2] entails the Dirac Hamiltonian, is a direct consequence of working with the noncommutative algebra of holonomy loops. The product between two loops in this algebra is defined by gluing at a chosen base-point. The point made in this paper is that the construction of the algebra is sensitive to the choice of base-point. If instead one considered the algebra of traced holonomy loops, then the choice of base-point would be irrelevant since the trace discards any trivial backtracking between different choices of base-point. This mechanism is absent for the untraced loops and it is the elimination of this discrepancy that leads directly to the structure of the Dirac Hamiltonian in 3+1 dimensions.
More concretely, we shall realize the change of base-point on the Hilbert space of states by a family of operatorsŨ l , corresponding to curves l that connect one base-point with another. These operators are chosen such that given a representation π p corresponding to one choice of base-point the representation π q corresponding to another base-point is obtained as π q =Ũ l π pŨ * l , where l is an appropriate curve.
We shall then only consider states that do not show this dependency on a base-points as being physical. In particular, a very natural choice of physical coherent states is then given as
where the ψ l are arbitrary and φ t n denote the natural coherent states on SU (2) found by Hall [7, 8] . The expectation value of an abstract Dirac type operator, which comes from the spectral triple construction over the ... Figure 1 : an infinite system of nested, oriented, cubic lattices. Each lattice Γ n is a symmetric subdivision of the lattice Γ n−1 . configuration space of connections, then leads to the structure of the Dirac Hamiltonian.
What we find deviates from the Dirac Hamiltonian in two points: first, the spinors, which emerge in the semi-classical limit, carry twice the number of degrees of freedom; second, the Dirac Hamiltonian which we find involves both right and left actions on these spinors, by the connection and gamma matrices respectively. This paper is organized as follows: in section 2 we briefly review the construction of the algebra of holonomy loops and, in section 3, the construction of a Dirac type operator over this algebra. In section 4 we give the basic structure of canonical quantum gravity based on Ashtekar variables and state that the spectral triple construction encodes information about the kinematics of quantum gravity. Coherent states, localized over classical points in the phase space of canonical gravity, are introduced in section 5. In section 6 we then point out that the construction of the algbra is marred with a dependency on the choice of base-point and provide a remedy in the guise of a state which divides out the base-point. Then, in section 7, we show that the expectation value of the Dirac type operator, on this state combined with a coherent state gives, in the classical limit, the form of the Dirac Hamiltonian.
The algebra of based holonomy loops
We first review the construction of the algebra of holonomy loops. For details we refer to [3] . Let {Γ n } n∈N , be a family of nested, oriented, cubic lattices, see figure 1. One can either view these lattices in terms of a cubulation of a 3-manifold Σ or as abstract graphs. Denote by {l i } the edges and by {x j } the vertices in the family of lattices. We choose a base-point x 0 in Γ 0 and consider loops based in x 0 . Thus, a loop L is a sequence of edges {l i 1 , l i 2 , . . . , l in } where l i 1 starts in x 0 and l in ends in x 0 . We discard trivial backtracking. Such loops have a natural noncommutative product, simply by gluing them at the base-point and a natural involution given by reversal of direction. The set of based loops in Γ n generate a -algebra which we denote B n x 0 . By taking the inductive limit over all lattices one obtains from B n x 0 a -algebra of loops in the infinitely refined lattice which we denote B x 0 . Note that this representation might not be faithful, for example if G is commutative.
Given a graph Γ n and a compact Lie group G let ∇ be a map
which assigns copies of G to edges in Γ n . We denote the space of all such maps A Γn . Since
where n(Γ n ) is the number of edges in Γ n , we can construct a Hilbert space over A Γn by using the Haar measure on G.
The algebra B n x 0 can be represented as bounded operators on a Hilbert space once a matrix factor is added to accommodate the representation. We choose to add two matrix factors
where k is the size of a chosen matrix representation of G with
By taking the inductive limit of hilbert spaces H n one obtains a limiting Hilbert space H which carries a representation of the algebra B x 0 . Furthermore, if we denote by A the space of smooth connections in a trivial bundle Σ×G, then one can show that the projective limit of the spaces A Γn , denoted A, contains A as a smooth embedding [3] .
The entire construction works for any compact Lie group. We shall however work with SU (2) since this relates the construction to canonical quantum gravity formulated in terms of Ashtekars variables. Furthermore, we choose the fundamental representation, k = 2.
3 A semi-finite spectral triple over B x 0
Since A Γn is a manifold it is straight forward to write down a Dirac operator in H n . Restrictions on this operator arise when one considers the inductive limit of Hilbert spaces since an operator D in H is constructed as a family of operator D n acting in H n compatible with embeddings between different Hilbert spaces.
First, however, we must modify the Hilbert space H n to accommodate a Dirac operator
where Cl(T * G n(Γn) ) is the Clifford bundle over G n(Γn) . At the level of a graph Γ n a Dirac type operator, which is compatible with embeddings P * :
where L e a i denote a derivation with respect to a left-translated vector field on the i'th copy of G and e a i denote both a left-translated vector field and its corresponding element in the Clifford algebra. As elements in the Clifford algebra they are subjected to the conventions e a i e a i = −1 (no sum). Also, {a i } is a set of real parameters. The construction of D n involves a change of variables which means that the sum over i in (3) should be understood with respect to this change of variables. For details we refer to [3] . Once the requirement of compatibility is met D n gives rise to a densely defined operator D in H.
It turns out that the collection (B x 0 , H, D) satisfy the requirements of a semi-finite spectral triple when the parameters a i approach infinity with increased subdivision of lattices. To have a spectral triple means that two conditions are satisfied: 1) the resolvent of D, (1 + D 2 ) −1 , is compact and 2) the commutator [D, a], with a ∈ B x 0 , is bounded. The term semi-finite means that the first condition is only partially satisfied. The resolvent of D is only compact with respect to a certain trace. In the present case we find that the spectrum of D is infinitely degenerate due to an action of the Clifford algebra. It is this degeneracy which makes the triple semi-finite. For details we refer to [3, 5] .
Relation to Canonical gravity
Let us briefly summarize canonical gravity formulated in terms of connection variables [9, 10] and the related formulation in terms of flux and holonomy loop variables, used in Loop Quantum Gravity [6] . Let M be a hyperbolic space-time and consider a foliation M = Σ × R, where Σ is a spatial 3-dimensional hyper surface. The Ashtekar variables consist of a complexified SU (2) connection A n (x) and a densitized inverse triad field E 
where κ is the gravitational constant. In addition to this there is a set of three constraints, the Hamilton, Diffeomorphism and Gauss constraints. The formulation of canonical gravity in terms of connection variables permits a shift to loop variables, which are taken as the holonomy transform
along a loop l in Σ, and flux variables, which are the flux of E m a associated to a surface S in Σ F
Let l = l 1 · l 2 be a line segment in Σ which intersect S at the point l 1 ∩ l 2 . The Poisson bracket between the flux and holonomy variables read
where τ denote the generators of the Lie algebra of SU (2) and the sign depends on the intersection between S and l.
In [2] we have shown that the commutator between the operator D and elements of the loop algebra B x 0 reproduces the structure of the bracket (4). It turns out that the derivations L e a i corresponds to infinitesimal flux operators located at the vertices in the lattice. Thus, the Dirac operator D can be understood as an infinite sum of all flux operators in the infinite lattice. In this sense one can see the Hilbert space H as a kinematical Hilbert space since it carries a representation of the quantized Poisson structure. Notice, however, that H does not carry an action of the diffeomorphism group.
Coherent states in H
We here briefly recall part of the properties of the semi-classical states constructed in [2] . This construction uses results of Hall [7, 8] , and is inspired by the articles [11, 12, 13] .
Let E, A be a point in the classical phase space. The semi-classical state φ t n ∈ L 2 (A) with respect to this point have the properties:
1. For any path p ∈ Γ n and any w ∈ M 2 (C)
This in particular means that the expectation value in the limit n → ∞ on a path in ∪ n Γ n is just the holonomy of the connection A along the path.
For an edge
where x denotes the right end point of l i . If l i / ∈ Γ n \ Γ n−1 the corresponding expectation value will be zero. The properties 1. and 2. also hold for polynomial function on T * SU (2) and for more general functions in T * SU (2). Property 1. is a consequence of the peakedness of φ 6 Spinor fields and the choice of base-point As already stated, the algebra of holonomy loops comes with a dependency on the choice of base-point. If a loop L 0 in Γ n based in x 0 is related to another loop L 1 based in x 1 through a unitary transformation
, then the action of these two loops in associated Hilbert spaces is clearly not identical: the parallel transports U p and U * p do not cancel. If we were considering an algebra of traced loops, as is the case in Loop Quantum Gravity, then the parallel transports would vanish. Also, if we were considering a state for which the matrix factor was a multiple of the identity the parallel transports would vanish too. But in general they do not.
The purpose of this section is to remove this dependency on the basepoint. Denote by B is given by
If we want to eliminate the presence of a preferred base-point we need to incorporate also the shifted algebra B x 1 in the construction. To do this we introduce the operatorŨ
where β a i is an arbitrary, self-adjoint matrix associated to the i'th edge satisfying
and where g i ⊗ β a i refers to left and right actions in H n in the sense that g i acts identically from the left on the two copies of M 2 (C) and β a i acts from the right, i.e. β a i is a four-by-four matrix. Note thatŨ i is not unitary. Also, we introduce the operatorsŨ
associated to the path p and note that these operators are mutually orthogonal
due to their dependency on the Clifford algebra. The inner product in (5) is the inner product in H which involves the trace over the Clifford algebra. Next, let {ψ(x i )} be a family of matrices in M 2 (C) ⊕ M 2 (C) associated to vertices in Γ n and transform them tõ
Consider again the loop L 0 based in B x 0 and two corresponding loops L 1 in B x 1 and L 2 in B x 2 shifted by paths p 1 and p 2
One easily checks that
which shows that the sumŨ p 1 ψ(x 1 ) +Ũ p 2 ψ(x 2 ) carries a representation of both algebras B x 1 and B x 2 simultaneously. Therefore, to eliminate the choice of base-point all we need to do is to add up all the factors (6) for all the vertices
to obtain a construction which takes all possible base-points into account simultaneously. Clearly, the rhs of (7) depends on a choice of paths between the base-point x 0 and vertices in the sum. In the next section we shall further specify the sum in (7) as well as the normalization N .
The Dirac Hamiltonian
We wish to compute the expectation value of the Dirac type operator D on the state (7) in a semi-classical approximation. Let us first consider the system of a single base-point x 0 and three edges l 1 , l 2 , l 3 connecting the basepoint with vertices x 1 , x 2 , x 3 , see figure 2. In this case we let the state (7) involve four terms
whereŨ 0 := 1. If we calculate the expectation value of D on the state
where φ t n are the coherent states introduced in section 5, and if we take the limit where the edges l 1 , l 2 , l 3 lie infinitely deep in the inductive system of lattices, then we find
where the trace is wrt SU (2) and where we used g i ψ(
, with ∇ i = ∂ i + A i , which holds in the limits taken. Further, we took β
a and set a n = 2 3n . If we write
, are the gamma matrices in the Dirac representation, then (8) resembles the expression for the integrand of the Dirac Hamiltonian, with N (x) and N a (x) being the shift and lapse fields respectively. In the general case notice that matrix elements
will only give a nonzero result if a relation likeŨ p =Ũ kŨp holds, due to the involved elements in the Clifford algebra. This implies that the vertices x i and x j must be only a single edge apart. This is the key mechanism in the following analysis. Consider the n'th level of subdivision and let ψ(x) be smooth field in the 3-manifold Σ with values in M 2 (C) ⊕ M 2 (C). Define the state Ψ t n (ψ) = ξ n (ψ)φ t n ,
with ξ n (ψ) defined in (7) where we now specify the sum to run over edges in Γ n \ Γ n−1 only and where we set the normalization to N = 2 3(n−1)/2 . This normalization will descent to the Lebesque measure when n approaches infinity.
The expectation value of D on the state Ψ t n (ψ) in the semi-classical large n limit gives This expression resembles the Dirac Hamiltonian in 3+1 dimensions, with two important deviations: first, the field ψ(x) takes values in M 2 (C)⊕M 2 (C) and thus display a doubling of the degrees of freedom; second, the gamma matrices act from the right on ψ(x). The construction of the states (9) and the emergence of the structure of the Dirac Hamiltonian follows the principles already presented in [1, 2] and therefore most of the commentary given in [1, 2] equally applies here. The key difference is the new naturalness of the state (9) .
Note that the failure ofŨ i to be unitary can be traced back to the presence of the shift field: if we wrote β a = N γ a thenŨ a i could be made unitary by adding a term proportional to e The investigation of the dependence of our construction and interpretation of coherent states on the choice of the foliation will be an important issue in our future work.
